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ABSTRACT
Detecting color changes of a gravitational microlensing event induced by the
limb-darkened extended source eect is important to obtain useful information
both about the lens and source star. However, precise measurements of the color
changes are hampered by the blending eect, which also causes color changes
of the event. In this paper, we show that although the color change measured
from the subtracted image by using the recently developed photometric method
of the \dierence image analysis" (DIA) diers from the color change measured
by using the conventional PSF method, the color-change curve constructed by
using the DIA method (DIA color-change curve) enables one to obtain the
same information about the lens and source star, but with signicantly reduced
uncertainties due to the absence of the blending eect. We investigate the
patterns of the DIA color-change curves for both single-lens and binary-lens
events by constructing color-change maps.
Subject headings: gravitational lensing { stars: giants { limb darkening {
photometry
1. Introduction
The amplication of source flux caused by gravitational lensing can become theoretically
innite. Points in the source plane at which the amplication of a point source becomes
innite are called caustics. For a point lens, the caustic is a single point behind the lens.
For a binary lens, the number of caustics is multiple and they form closed curves. For
a real microlensing event, however, the source star has an extended size, and thus the
observed amplication deviates from that of a point-source event and becomes always nite:
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extended source eect (Schneider, Ehlers, & Falco 1992; Witt & Mao 1994). The deviation
of the light curve becomes most important when the source passes very close to the lens
caustics.
Detection of the extended source eect is important because one can obtain useful
information both about the lens and source star. First, a caustic-crossing event provides an
opportunity to measure how long it takes for the caustics to transit the face of the source
star. By using the source-radius crossing time t, along with an independent determination
of the source star size , one can determine the lens proper motion with respect to the
source star by  = =t (Witt & Mao 1994; Gould 1994; Maoz & Gould 1994; Nemiro &
Wickramasinghe 1994; Loeb & Sasselov 1995; Alcock et al. 1997b, 1997c, 1999a; Afonso et
al. 1998; Udalski et al. 1998; Albrow et al. 1999a). Once the value of  is determined, the
mass and location of the lens can be signicantly better determined. Second, by analyzing
the light curve of an event in which source approaches very close to the caustics, one can
determine the surface structure of the source star such as the surface intensity prole and
spots (Valls-Gabaud 1994, 1998; Sasselov 1997; Gaudi & Gould 1999; Heyrovsky & Sasselov
1999; Albrow et al. 1999b; Han, Park, & Jeong 1999).
The extended source eect can also be detected by measuring color changes during the
event. The color changes occur due to the dierential amplication over the limb-darkened
source star surface (see x 3.1). Throughout this paper, we use a term \color-change curve"
to refer to the color changes of an event induced by the extended source eect as a function
of time. Detection of the extended source eect from the color measurements has the
following advantages compared to the detection from a single band photometry. First, by
detecting color changes one can increase the chance to detect the extended source eect.
If the source star approaches very close to the caustics but does not transit the caustics,
the amplication induced by the extended source eect simply masquerades as changes in
lensing parameters, and thus cannot be detected. By contrast, the color change cannot
be mimicked by the change in lensing parameters, because a point-source lensing event
should be achromatic (Gould & Welch 1996). Second, by measuring the color changes one
can determine the lens proper motion with relative ease. This is because one can measure
t, and thus , of a caustic-crossing event by simply measuring the turning time of the
color-change curve (Han, Park, & Jeong 1999, see x 4 for more details). To determine t
from the light curve, on the other hand, it is required to t the overall light curve.
However, precise measurements of the color changes induced by the extended source
eect is hampered by the blending eect, which also causes color changes of an event
(Kamionkowski 1995; Buchalter, Kamionkowski, & Rich 1996). To increase the event rate,
the current lensing experiments are being conducted toward very dense star elds such as
the Galactic bulge and the Magellanic Clouds (Alcock et al. 1993; Aubourg et al. 1993;
Udalski et al. 1993; Alard & Guibert 1997). When the brightness of a source star located
towards these very dense star elds is measured by using the current PSF photometry
method, then, it is very likely that the measured source star flux is aected by the unwanted
light from nearby unresolved stars (Di Stefano & Esin 1995; Alard 1997; Alcock et al.
1997a; Palanque-Delabrouille 1998; Wozniak & Paczynski 1997; Han 1999a; Han, Jeong,
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& Kim 1998). Since the blended stars in general have dierent colors from the lensed
source star color, the measured color is aected by the blending eect. Han, Park, & Jeong
(1999) pointed out the seriousness of the blending eect in color-change measurements
by demonstrating that even for a very small fraction of blended light, the color change
caused by the blending eect can be equivalent to the color change induced by the extended
source eect. Therefore, for the precise measurements of the color changes induced by the
extended source eect, it will be essential to correct for or remove the blending eect.
Although numerous methods have been proposed for the correction of the blending
eect (Alard, Mao, & Guibert 1995; Alard 1996; Han 1997, 1998, 1999b; Goldberg
1998; Goldberg & Wozniak 1998; Han & Kim 1999), most of these methods either have
limited applicability only to several cases of blended events or are less practical due to
the requirement of space observations.1 On the other hand, with the recently developed
photometric technique of the \dierence image analysis" (DIA) method, one can measure
the blending-free light variations of general microlensing events (Tomaney & Crotts 1996;
Alard & Lupton 1998; Alard 1999; Alcock et al. 1999b, 1999c). However, due to the
methodological dierence of the DIA photometry from the conventional PSF photometry,
the color change of an event measured by the using the DIA method (DIA color change)
diers from that measured by the PSF method (PSF color change).
In this paper, we show that despite the dierence in the measured color change from
that measured by the PSF method, the DIA color-change curve of an event enables one to
obtain the same information about the lens and source star, but with signicantly reduced
uncertainties due to the absence of the blending eect. We investigate the patterns of




If a gravitational microlensing event with a point source is caused by a single lens, the












where u represents the lens-source separation normalized by the angular Einstein ring
radius E and the lensing parameters , t0, and tE represent the impact parameter of the
1We note, however, that the MACHO group had Hubble Space Telescope followup observations of the
source star for one of the events they have detected to clearly identify the lensed source star. From these
observations, they could accurately estimate the lens mass by correcting the blending eect (NASA press
release #STScI-PR00-03).
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lens-source encounter, the time of maximum amplication, and the Einstein ring radius
crossing time (Einstein time scale), respectively. The angular Einstein ring represents
the eective region of gravitational amplication and its size is related to the physical









where M is the mass of the lens and Dol, Dls, and Dos represent the separations between
the observer, the lens, and the source, respectively.
The amplication of a binary-lens event diers from that of a single-lens event. When
lengths are normalized by the combined Einstein ring radius2, the lens equation in complex
notation for the binary-lens system is represented by
 = z +
m1
z1 − z +
m2
z2 − z ; (3)
where m1 and m2 are the mass fractions of individual lenses (and thus m1 +m2 = 1), z1 and
z2 are the positions of the lenses,  =  + i and z = x + iy are the positions of the source
and images, and z denotes the complex conjugate of z (Witt 1990). The amplication of













Then the total amplication of the event is given by the sum of the individual amplications,
i.e. Ap =
P
i Ap;i. The binary-lens caustics are located at the source positions where
det J = 0.
2.2. Extended-Source Events
If the source of an event has an extended size, the light curve of the event deviates from
that of a point-source event. For both single-lens and binary-lens events, the amplication




0 I(r)Ap(jr− rLj)rdrR r∗
0 I(r)rdr
; (5)
where I(r) is the radial surface intensity distribution of the source star with a radius r
and the vector rL and r represent the displacement vector of the source star center with
respect to the lens and the orientation vector of a point on the source star surface with
respect to the center of the source star, respectively.




3.1. Measured by the PSF Method
In addition to causing deviations in the light curve from that of a point-source
event, the exended source eect makes the gravitational amplication become wavelength
dependent, causing color changes of the event. The color change occur due to the wavelength
dependency of the source star radial surface intensity prole caused by limb darkening. If
we dene F0;i = 2
R r∗
0 Ii(r)rdr; i = 1; 2 and mi as the unamplied source star fluxes
and the corresponding magnitudes measured at two dierent wavelength passbands 1 and
2, the color of the un-blended source star measured at a time t by using the PSF method
becomes






Then the PSF color-change curve of an un-blended lensing events is represented by











where tref represents the reference time for the color-change measurements. For a
point-source event, A1(t) = A2(t) (i.e. achromatic), and thus (m2 − m1)PSF;0 =
−2:5 log(F0;2=F0;1), implying that the color of the source during the event equals to that
of the unamplied source and does not change. For a limb-darkened extended source event,
on the other hand, as the caustics pass close to the source star, dierent parts of the source
star disk with varying surface intensity and spectral energy distribution are amplied by
dierent amount due to the dierences in distance to the lens. As a result, the amplication
becomes wavelength dependent, i.e. A1(t) 6= A2(t), and the color changes during the
event. Once the color-change curve of the event is constructed, the lens proper motion
and the source star surface intensity prole are determined by statistically comparing the
observed color-change curve to the theoretical curves with various models of limb darkening
and source star size.
However, precisely measuring color changes induced by the extended sourece eect is
hampered by the blending eect, which is another mechanism causing color changes. If
one denes Bi as the blended amount of flux in two passbands, the measured color of a
blended event becomes











where fi = Bi=F0;i are the ratios between the blended flux and the baseline flux of the
source star in the individual bands. Then the PSF color-change curve of a blended event is
represented by












One nds that equation (9) includes two additional blending parameters of f1 and f2
compared to the un-blended event curve in equation (7). Therefore, to determine the lens
proper motion and the source star surface intensity prole from the t of the blended event
color-change curve, it is required to include these additional parameters. As a result, the
determined quantities will suer from increased uncertainties.
3.2. Measured by the DIA Method
The color changes induced by the extended source eect can also be measured by using
the DIA method. The flux of a source star measured from the subtracted image by using
the DIA method is
F = F;obs − F;ref = (A − 1)F;0; (10)
where F;obs = AF0; + B and F0;ref = F0; + B represent the source star fluxes measured
from the images obtained during the progress of the event and from the reference image,
respectively. Then the DIA color-change curve of an event is represented by











From equation (11), one nds that the DIA color-change curve does not depends on the
blending parameters, and thus it is free from the blending eect. One also nds that
although the DIA color-change curve has a dierent form from that of the PSF curve of
an un-blended event [cf. equation (7)], both curves depend on the same parameters of A1
and A2. Therefore, from the DIA color-change curve one can obtain the same information
about the lens and source star as that obtained from the PSF color-change curve, but with
signicantly reduced uncertainties due to the absence of the blending eect.
4. Patterns of DIA Color-Change Curves
To see the patterns of DIA color-change curves, we construct color-change maps
expected for both single-lens and binary-lens events. The constructed map are presented
in the upper panel of Figure 1 (for the single-lens case) and Figure 2 (for the binary-lens
case). To construct the maps, we assume that the source star has an angular radius of
 = 0:1E and it is observed in U and I bands. The un-blended color of the source star
before amplication is (U − I)PSF;0 = 2:98 mag, which corresponds to that of a K-type giant
(Allen 1973; Schmidt-Kaler 1982; Peletier 1989). For the surface intensity prole, we adopt
a linear form of







where the limb-darkening coecients are CU = 1:050 and CI = 0:053, repectively, which
correspond to those of a K giant with Te = 4; 750 K, log g = 2:0, and a metallicity similar
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to the sun (Van Hamme 1993). For the binary-lens system, we adopt a binary separation
of ` = 1:0E and a mass ratio of q = m1=m2 = 1:0. The single-lens event map is presented
as a function of lens positions (xL; yL) with respect the source star (the thick solid circle
with its center at the origin), while the binary-lens event map is presented as a function of
source position (; ) with respect to the center of the binary system. All lengths in the
maps are normalized by the angular Einstein ring radius. For both maps, we choose the
reference of the color-change measurements to be (U − I)DIA = 0 when the source star
is not gravitationally amplied. Grey scale is drawn so that it becomes brighter (darker)
as the color of the source star becomes redder (bluer), and the tone of the grey scale
changes for every color change of [(U − I)DIA] = 0:02 mag. For the single-lens event
map, the grey tone change from the darkest region where (U − I)  −0:09 mag to the
brightest region where (U − I) > 0:05 mag. For the binary-lens event map, the tone
changes from the darkest region where (U − I)  −0:07 mag to the brightest region where
(U − I) > 0:09 mag. To better show the ne structures of the binary-lens event map in
the region near the caustics (marked by thick solid curves), the region enclosed by a box
(drawn by a short-dashed line) is expanded and presented in the upper panel of Figure 3.
The straight lines in the upper panels of Figure 1 and Figure 3 represent various lens (for
the single-lens case) or source (for the binary-lens case) trajectories and the color-change
curves corrsponding to the individual trajectories are presented in the lower panel of the
individual gures. The line types of the color-change curves are selected so that they match
with those of the corresponding trajectories.
From the single-lens event color-change map and the resulting curves, one nds the
following patterns. First, the iso-color-change contours are concentric circles with their
center at the center of the source star. Due to the radial symmetry of the color-change
map, all resulting color-change curves are symmetric with respect to the time of maximum
amplication. Second, the color does not monotonically change as a function of the





the source star disk, the color of the event becomes redder as rL decreases, but within the
disk it becomes bluer with the decreasing value of rL. As a result, while the color of a
non-source-transit event continues to become redder as the lens approaches the source star,
the color-change curve of a source-transit event is characterized by turns at the moments
when the lens enters and leaves the source star surface. Measurement of the turning
time, t\, is important because one can determine the source-radius crossing time from the









where the lensing parameters of , t0, and tE are determined from the overall shape of the
light curve. We note that the described patterns of the DIA color-change curves are very
similar to those of the PSF color-change curves (see Han, Park,, & Jeong 1999).
The patterns of the binary-lens event color-change map and curves are as follows.
First, compared to the single-lens event map, the map for the binary-lens events is much
{ 8 {
more complex. In the regions around fold caustics, the iso-color-change contours are parallel
with the caustics, but the contours on the left and right sides of the caustics are not
symmetric with respect to the caustic line. In the regions around cusps, on the other hand,
the contours form separate peaks of blue color change. Second, the color-change curves are
characterized by the turns during caustic crossings. The color becomes redder as the source
approaches the lens caustics and becomes most reddish at around the time when the edge
of the source star touches the caustics. By constrast, the color becomes most bluest when
the inner region of the source star lies on the caustics. By measuring the time separation





where  is the angle at which the source crosses the caustics.3 The value of  can be
determined from the global t of the binary-lens event light curve.
5. Summary
In this paper, we investigate the chrometicity of single-lens and binary-lens
microlensing events when their color changes are measured by using the recently developed
DIA photometric method. The ndings from this investigation are summarized as follows:
1. The DIA color-change curve of an event diers from the PSF curve of the same event.
2. Despite the dierence, from the DIA color-change curve one can obtain the same
information about the lens and source star as the information from the PSF
color-change curve. This is because both the DIA and PSF color-change curves
depend on the same parameters.
3. However, since the DIA color-change curve is not aected by the blending eect, one
can determine the lens proper motion and source star surface intensity prole with
signicantly reduced uncertainties.
4. The DIA color-changes curves display various patterns depending on whether the
event is caused by a single or binary lenses. Compared to the single-lens event curves,
binary-lens curves are less symmetric and their patterns vary greatly depending on
the lens system geometry.
3If the fold caustic is a straight line, the relation in equation (14) is exactly valid. However, for an
extended source event the relation is an approximation because the fold caustics can no longer be treated a
straight line.
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5. The patterns of DIA color-change curves also vary depending on whether the source
star transits the caustics or not. For caustic crossing events, one can measure t by
measuring the turning time of the color-change curves.
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Figure Captions
Figure 1: The single-lens event color-change map (upper panel) and crves (lower panel).
The map is presented as a function of lens position (xL; yL) with respect to the source
star (the thick solid circle). The source star has an angular radius of  = 0:1E. The
reference of the color change is chosen so that (U − I)DIA = 0 when the source star is not
gravitationally amplied. Grey scale becomes brighter (darker) as the color of the source
star becomes redder (bluer), and the tone of the grey scale changes with a color change
interval of [(U − I)] = 0:02 mag from the darkest region where (U − I)  −0:09 mag to
the brightest region where (U − I) > 0:05. The lens trajectories (the straight lines in the
upper panel) and their corresponding color-change curves are drawn by the same line types.
Figure 2: The binary-lens event color change map. The map is presented as a function
of source star position (; ) with respect to the positions of the binary lenses (marked by
‘x’). The source star has an angular radius  = 0:1E. The binary system has a separation
between its components of ` = 1:0E and a mass ratio of q = 1:0. The closed gure drawn
by a thick solid curve represents the caustics of the binary-lens system. Grey scale is
drawn by the same way as in Figure 1, but its tone changes from the darkest region where
(U − I)  −0:07 mag to the brightest region where (U − I) > 0:09 mag. To better show
the ne structures of the map in a region near the caustics, the region enclosed by a box is
expanded and represented in the upper panel of Figure 3.
Figure 3: The binary-lens event color-change map (upper panel) near the caustic regions
and the color-change curves (lower panel) resulting from various source star trajectories
(straight lines). The region of the presented map corresponds to the enclosed part of the
map in Figure 2. The grey tone of the map, the line types of the source trajectories, and
the corresponding color-change curves are drawn by the same way as in Figure 2.
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